Many financial portfolios are not mean-variance-skewness-kurtosis efficient. We recommend tilting these portfolios in a direction that increases their estimated mean and third central moment and decreases their variance and fourth central moment. The advantages of tilting come at the cost of deviation from the initial optimality criterion. In this paper, we show the usefulness of portfolio tilting applied to the equally-weighted, equal-risk-contribution and maximum diversification portfolios in a UCITS-compliant asset allocation setting. (K. Boudt). 1 This approach of optimizing non-standardized moments is consistent with the results of Scott and Horvath (1980) which support preferences for third and fourth central moments instead of the standardized skewness and excess kurtosis. We use tilting in the sense of over-or underweighting assets compared to benchmark portfolios (see e.g. Darsinos and Satchell (2004)). We refer the reader to Stutzer (2000 Stutzer ( , 2003 , Haley and McGee (2006) , Haley and Whiteman (2008) and Haley and McGee (2011) for an alternative definition of tilting in a portfolio context, namely modifying the probability return distribution.
Introduction
Many of the popular risk-based portfolios are optimized according to an optimality criterion that does not take into account higher order portfolio return moments (see e.g. Lee (2011) ). Typical examples from the literature on risk-based asset allocation include the equally-weighted and equal-risk-contribution portfolios (Maillard et al. (2010) ). A further example is the maximum diversification portfolio of Choueifaty and Coignard (2008) , which maximizes the ratio between the weighted average standard deviation of the portfolio components and the portfolio standard deviation. These portfolios may still be efficient for investors with mean-variance preferences, as discussed in Ardia and Boudt (2015) . They are, however, likely to be inefficient for investors whose preferences depend on the higher order moments of the portfolio return distribution. 
The parameters , Σ , Φ , Ψ are positive when the MVSK tilted portfolio has preferential moments compared to the benchmark, at the cost of an increase of in ℎ ref .
sample moments while still showing the characteristics of the initial allocation criterion. The remainder of the article is organized as follows. Section 1 introduces our notation. Section 2 presents the proposed methodology for portfolio tilting. Section 3 documents the usefulness of the method in a UCITS-compliant asset allocation framework. We end the paper with a conclusion. The supplementary appendix provides an example using the R package mvskPortfolios.
Notation
We consider the decision problem of optimizing a portfolio invested in assets with weight vector ≡ ( 1 , … , ) ′ . The optimality of the portfolio weights is evaluated with respect to a reference portfolio 0 and the first four portfolio return moments. For those portfolio return moments, accurate estimators for the corresponding comoment matrices have been proposed by Martellini and Ziemann (2010) and Boudt et al. (2020a,b) , among others. The interpretation and reliable estimation of comoment matrices greater than four is a subject for further research. It is also an open research question whether the integration of portfolio moments greater than four in portfolio optimization improves the out-of-sample welfare of the investor (see e.g. Jondeau and Rockinger (2006) ). Investors interested in portfolio optimization using all moments can directly optimize the portfolio return distribution, as in Haley and McGee (2006) . This requires to re-estimate the portfolio return distribution for every candidate portfolio vector . The computational advantage of our MVSK tilting portfolio is that the optimization does not require such re-estimation.
Asset returns, their comoments and the portfolio moments
The asset return over the investment horizon is denoted by ≡ ( 1 , … , ) ′ . Its mean, covariance, coskewness and cokurtosis matrices are
where ⊗ stands for the Kronecker product. These comoments determine the portfolio higher order moments. Define
as the -th central portfolio moment, implicitly depending on the weights . We have that 2 ≡ ′ , 3 ≡ ′ ( ⊗ ) and 4 ≡ ′ ( ⊗ ⊗ ). We denote the portfolio tracking error volatility by the volatility of the difference in portfolio composition:
Optimality of the reference portfolio
We are agnostic about the construction of the reference portfolio 0 . It can be expert-based, algorithmic or a combination of both. The proposed MVSK tilting requires that the investor elicit an optimality criterion ℎ ref (⋅) for which 0 is the optimal solution. This criterion is a function of the portfolio weights , the asset return moments , , and and possibly other parameters stacked into the vector :
where  is the feasible set. It is always possible to find a criterion for which this reference portfolio is optimal. The simplest criterion is the tracking error volatility in (2), which is obviously minimized when = 0 .
In the application, we consider three examples of ℎ ref -functions. The first equals the Herfindahl index of the portfolio weights:
which is minimized by the equally-weighted portfolio. DeMiguel et al. (2009) refer to this portfolio as the 1∕ allocation. The portfolio uses a naive approach to diversification as it ignores the heterogeneity in the component return distributions when optimizing the weights. The second objective function is the sum of squared deviations of the percentage risk contributions with respect to 1∕ :
the percentage volatility contribution of asset . The solution to this optimization is the equal-risk contribution portfolio (Maillard et al. (2010) ). The third objective that we consider is the negative of the diversification ratio (Choueifaty and Coignard (2008) ):
where diag( ) = ( 11 , … , ) ′ is the × 1 vector containing the diagonal elements of .
Note that the framework has a large scope and also includes the mean-variance efficient portfolios of Markowitz (1952) and the minimum modified Value-at-Risk and Expected Shortfall portfolios of Boudt et al. (2008 Boudt et al. ( , 2012 , among others. Moreover, the function ℎ ref is not necessarily the one used to determine 0 . For example, it is possible to construct the maximum diversification portfolio with weights 0 by minimizing ℎ DR , but use ℎ ref = TE vol when tilting the portfolio.
MVSK portfolio tilting
We assume that the investor is willing to sacrifice a margin of the value of the reference objective function in order to improve the portfolio performance in terms of an increase in the mean and skewness and a decrease in the variance and the kurtosis. We impose these improvements through inequality constraints, as can be seen in Table 1 , where the minimum levels of improvements in the mean, variance, skewness and kurtosis are , Σ , Φ , and Ψ , respectively.
Our approach to simultaneously look for improvements in expected return, variance, skewness and kurtosis is compatible with the accepted direction of preferences for the first four moments (see e.g. Scott and Horvath (1980) ) and is closely related to the utility-based framework (Jondeau and Rockinger (2006) , Harvey et al. (2010)). In the utilitybased approach to non-Gaussian preferences, the expected utility is often approximated by a Taylor expansion, or more generally, a function
The vector contains positive values and governs the relative importance of the higher moments with respect to the expected utility of the investor. Such an objective function is generally non-concave and hence it is impossible to guarantee a global maximum. In this regard, Briec et al. (2007) prove a primal-dual relationship between the primal, shortage-based approach followed in this paper and the dual approach of directly maximizing a non-concave expected utility approximation.
Choice of parameters
In the current formulation we have at least three unknowns: the tilted portfolio weights , the minimum improvement levels (⋅) and the sacrifice parameter . In principle, we can assume that the investor will elicit these. In practice, however, this is not realistic and a datadriven calibration is required. To achieve this, we simplify the problem by assuming that the value of is fixed and that the (⋅) 's are functions of a single .
The investor wishes to maximize this , thereby achieving more preferable portfolio moments at a maximum cost of in the reference objective function. The general MVSK portfolio tilting problem is then:
where , Σ , Φ , and Ψ are all increasing functions of . We denote this as ( , Σ , Φ , Ψ ) ′ = ( ). The threshold determines the maximum deterioration in the reference function. In the extreme case of setting = ∞, we have the MVSK optimization setup of Briec et al. (2007) .
Choice of parameter
The optimization in (8) yields the optimal value of for a given value of , and increasing always increases the value of . To gauge this trade-off between low values of being more in line with the initial portfolio objective and higher values of yielding preferable moments, we recommend visualizing on a grid of values that ranges from zero to a pre-set upper bound . Based on this, an investor or portfolio manager can select a value of that limits the decrease in the reference objective for a significant gain in moments. This choice will depend on the level, slope and curvature of the curve.
In the context of portfolio tilting, it is also natural to set at the highest possible value that respects an upper bound on the portfolio tracking error volatility TE vol . This means that we look for the highest improvement in the MVSK objectives (as measured by ) for which the tilted portfolio is sufficiently close to the initial portfolio. The MVSK portfolio tiling problem is then:
where ( , Σ , Φ , Ψ ) ′ = ( ) and determines the maximum tracking error volatility of the tilted portfolio as compared to the reference portfolio.
Shrinkage estimation of comoments
In order to implement the proposed framework, reliable estimates of the comoments , , and are required. One possibility is to use parametric conditions linking the mean estimated return to the estimated comoments, as in Ardia and Boudt (2015) . Another possibility is to combine the sample estimator and a parametric structured matrix using the approach of shrinkage estimation, as recommended by Ledoit and Wolf (2003) , Martellini and Ziemann (2010) and Boudt et al. (2020a) . In general, the shrinkage estimator for the central moments is given bŷ
with ̂s ample the sample moments and ̂s tructured the moments under a structured estimation approach. Several choices of targets are possible.
In this paper, we use the structured moments under the assumption that the marginals are independent, which is a popular choice in practice.
The value of ̂⋆ is determined in a data-driven way by minimizing the mean squared estimation error:
for which a consistent estimator is derived in Ledoit and Wolf (2003) for the covariance matrix and in Boudt et al. (2020a) for the higher moments.
Illustration in asset allocation
In this application, we focus on variance-skewness-kurtosis (VSK) efficient portfolios, aiming to decrease the variance and fourth central moment while increasing the third central moment. We do not incorporate the estimated expected returns since their estimation precision is typically low compared to the precision in estimating the portfolio variance, skewness and kurtosis. We further use the following parameters for tilting the portfolio in order to improve the variance, skewness and kurtosis:
The VSK tilting above is equivalent to MVSK tilting in case of homogeneous expected asset returns (i.e., = , with the -dimensional vector of ones and the common expected return). Note that in (12) we let the function ( ) depend in a specific way on the benchmark portfolio 0 . Alternative specifications may be more desirable depending on the application. In particular, when the minimum variance, maximum skewness or minimum kurtosis portfolio is used as benchmark portfolio, the calibration needs to be modified such that a deterioration of the second, third or fourth moment portfolio performance is allowed. This is possible by setting Σ , Φ , or Ψ to −∞, while setting ℎ ref (⋅) to the objective function corresponding to the minimum variance, maximum skewness or minimum kurtosis portfolio.
Data
The data consist of weekly returns of 12 broad scale investment indices over the period January 26, 2001 until March 15, 2019. All series are expressed in EUR. Table 2 provides an overview of the indices along with their mean, volatility, skewness and kurtosis over the full period. The annual volatilities lie between 3% for iBoxx EUR Corporate and 21% for MSCI Emerging Markets. The standardized skewness is generally negative, except for Barclays Global Aggregate Treasuries, US Corporates and World Govt Inflation Linked, for which it is slightly positive. All assets show heavy-tailed behavior and have a positive excess kurtosis.
Illustration of portfolio tilting
Figs. 1 and 2 illustrate the concept of VSK portfolio tilting for the last day of our sample, namely March 15, 2019. The reference portfolio is the maximum diversification portfolio (DR), and the moments are estimated as outlined inbelow.
The dots in Fig. 1 represent different randomly generated feasible portfolios and provide an idea of the set in which we are optimizing. We highlight the DR portfolio and associated tilted portfolios with = −(0.01, 0.025, 0.05)ℎ DR ( 0 ). When the margin increases, the tilted portfolios attain a higher skewness while decreasing in variance and kurtosis. Fig. 2a shows the joint improvements in the moments measured by the objective value in (8). It is remarkable how much improvement is possible while only marginally decreasing the diversification ratio. A of 1% results in a relative improvement of at least 15%, whereas increasing to 5% yields a relative improvement of around 23%. This is also seen in the bottom row of Fig. 1 , where the largest difference between subsequent portfolios occurs when = 1%.
For the same portfolios, the effect on the weights is illustrated in Fig. 2b . The tilted portfolios lower the equity allocation (assets 1, 2, 3, and 4) and increase the bond component through Global High Yield (asset 10). As mentioned by a referee, bootstrapping can be used to evaluate the estimation uncertainty of the optimized weights or to robustify the weights with respect to estimation uncertainty. We refer the interested reader to Scherer (2002) for a review.
Out-of-sample results
We now turn to analyzing the out-of-sample effects of portfolio tilting on portfolio performance when the reference portfolio is obtained by minimizing ℎ EW , ℎ ERC and ℎ DR . For ℎ EW and ℎ ERC , we consider deviations of = 0.01, 0.05, 0.10. For ℎ DR , we take proportional to the diversification ratio of the maximum diversification portfolio;
= −(0.01, 0.025, 0.05)ℎ DR ( 0 ). In addition to these fixed , we automatically select the tilted portfolios with maximum annual tracking error volatilities of 0.5% and 1%. We adopt the industry-practice of rolling five-year estimation windows and estimate the moments using the shrinkage approach toward the target that assumes independent marginals. Before estimation, we winsorize the observations following the procedure in Boudt et al. (2008) . The portfolios are long-only and fully invested with a maximum weight of 20% in a single asset, complying with UCITS regulations in a fund-of-funds setting. In practice, the indices can be replaced by funds covering different asset classes. Fig. 3a illustrates that the covariance and cokurtosis shrinkage coefficients are stable over time and put most of the weight on the sample covariance and cokurtosis estimators. The coskewness shrinkage coefficient is more volatile and occasionally puts all weight on the target. This is in line with the findings of Martellini and Ziemann (2010) and Boudt et al. (2020a) . The course of the diversification ratio over time is shown in Fig. 3b . Note the large decrease of the diversification ratio in the period 2014 to 2018 due to an increase in the average correlation between the indices from around 24% to 50%. Table 3 reports summary statistics for the benchmark and tilted portfolios. In all three settings, we observe a decrease in volatility and fourth central moment ( ) and an increase in third central moment ( ), which is exactly what VSK portfolio tilting aims to achieve. The effect is more pronounced when increases, but it comes at the cost of a slightly lower average return. As a measure for the trade-off, we follow the recommendation of Zakamouline and Koekebakker (2009) and use the skew-adjusted Sharpe ratio,
where the Sharpe ratio (SR) and skewness are computed on the annual out-of-sample returns. The last column of Table 3 shows that tilting improves the ASSR in all cases. It is further important to notice in Table 3 that portfolio tilting also improves the downside risk, since the maximum drawdown decreases compared to the benchmark portfolio. In the case of the DR portfolio, the maximum drawdown even goes from -15.6% to -11.1% when allowing a 5% lower diversification ratio. The effect on turnover is highly dependent on the benchmark portfolio. Due to the VSK portfolio being slightly more concentrated, the turnover generally increases with . However, turnover can be dealt with in practice by imposing an additional constraint in the portfolio optimization step. Fig. 4a illustrates the minimum improvement in the variance, skewness and kurtosis as measured by in (8) when tilting the portfolios. It is clear that most of the improvement happens for low values of , such as = 1%. Increasing is still beneficial, but its effect is dampened. For = 1%, Fig. 4b shows the difference in drawdown over time between the maximum diversification portfolio and the tilted portfolio. The cause of the difference is found in the weights given in Fig. 4c and 4d. The clearest difference is that the tilted portfolio reduced the overall allocation to equities (assets 1, 2, 3 and 4) while increasing the bond component. Moreover, the tilted portfolio re-allocates part of the bond exposure. The main differences here are the weights of Global High Yield (asset 10) and US Corporates (asset 11). The DR portfolio does not invest in Global High Yield, while the tilted portfolio is invested in the periods 2006-2009 and 2016-2019 . Since both are highly correlated and have about the same volatility, this is due to a difference in higher order comoments in relation to the other components of the portfolio. We verified that the choice of window length, shrinkage target and pre-processing does not alter the conclusion presented in this section. Robustness checks are available from the authors upon request.
Conclusion
This paper presents a mean-variance-skewness kurtosis (MVSK) portfolio tilting framework designed to modify portfolio weights in a direction that improves the first four moments of the portfolio return distribution. Under the MVSK portfolio tilting framework, the initial portfolio is assumed to be optimal with respect to an initial objective function. However, it is possible to jointly improve the moments at the cost of only a slight deterioration in this initial objective function. Hence, portfolio tilting is a trade-off between the deterioration in portfolio construction objective on the one hand, and the improvements in the portfolio return moments on the other. The empirical application shows the improvements in out-of-sample performance when tilting the equally-weighted, equal-risk-contribution and maximum diversification portfolios in a UCITS-compliant asset allocation setting. These performance gains are low-hanging-fruit for all investors. A practical policy Note: We report the annualized geometric mean (geom. mean, %), the annualized standard deviation (volatility), the skewness ( , 10 −6 ) and kurtosis ( , 10 −7 ), maximum drawdown (%), annual turnover (Turn.) and skew-adjusted Sharpe ratio (ASSR) based on annual returns. The DR, ERC and EW portfolios are reported, along with the performance of their tilted versions for = 0.01, 0.05, 0.10 and tilting with a maximum annual tracking error volatility of 0.5% and 1%. recommendation is therefore that regulators in the field of investor protection should promote knowledge of how higher order moments affect financial portfolio outcomes and how they can be optimized. In order to facilitate this process, we have released an open source implementation in the R package mvskPortfolios.
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